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Molecular dynamics (MD) simulation is a powerful tool for investigating the molecular mechanism of heat 
conduction in polymers. However, existing MD studies are mostly on monodisperse polymers and the effect of 
polydispersity, which typically occurs in commercial polymers, remains to be clarified. In this work, various 
types of polydisperse polyethylenimine (PEI) composed of molecules having different molecular weights and 
branching structures were constructed by in silico step-growth polymerization. The effect of the polydispersity 
and molecular structure on heat conduction in PEI was investigated using all-atom MD simulations. The number 
and weight fraction distributions of the polydisperse purely-linear PEI agreed well with the Flory-Schulz 
distributions, and therefore it can be concluded that the in silico polymerization used in this work reasonably 
mimics the step-growth-like polymerization observed in the actual synthesis of PEI. Thermal conductivity 
increased with increase in the radius of gyration dependent on the degree of branching of the molecules. In 
addition, thermal conductivity of a polydisperse PEI exhibited a similar value to that of a monodisperse PEI of a 
representative polymer chain in the polydisperse system. By analyzing in detail the thermal energy transfer 
among and inside molecules, their microscopic mechanisms could be understood and it was discovered that the 




Thermal conductivity of polymers has been researched for application to thermal interface materials (TIMs) 
for the purpose of heat dissipation, thermal energy storage, and structural materials for which severe 
requirement of thermal transport characteristics exist. Although polymers have engineering advantages such as 
light weight, high formability and low cost, they usually also are characterized by low thermal conductivity 
values, typically around 0.1 0.5 W (m K)−   [1], which prove to be an obstacle for advanced heat management 




in practical applications. Many studies have attempted to improve the polymer thermal conductivity by adding 
high thermally conductive fillers such as metals and carbon materials [2–4]. Other studies have recently indicated 
that molecular structure, e.g., branching and type of functional group within molecules, and polymer morphology 
such as the orientation of polymers are important factors in the enhancement of polymer thermal conductivity. 
Kim et al. found that a blend of polymers where one of them has a high hydrogen-bond (H-bond) donating 
structure and the other has a high H-bond accepting structure has several times higher thermal conductivity than a 
pure polymer composed of either one of them. This is because of the heat transfer paths via H-bonds between the 
H-bond donating and accepting polymers [5]. It has also been reported that a manipulation of polymer alignment 
[6–9] and degree of entanglement [10,11] can lead to higher thermal conductivity. 
Molecular dynamics (MD) simulation has been used to explore the polymer thermal conductivity and the 
molecular mechanisms of heat conduction [6,9,12–19]. Most of these studies investigated monodisperse 
polymers. However, the polymers in practical use are usually polydisperse, i.e., have varying molecular weights 
and branching structures, and hence it is not clear whether the insights obtained for monodisperse polymers are 
also accurate for polydisperse polymers. Some MD studies investigated the effect of polydispersity on the 
diffusivity of polymer melts, where the polydispersity index (PDI) was tuned using a blend of only a few types of 
monodisperse linear polymers [20,21]. However, the molecular weight or chain length distribution of such simple 
blends was significantly different from that of the actual polydisperse polymers even though the PDI was almost 
the same. Furthermore, for more complex polymers, it is difficult to manually tune the number of branching and 
length of side chains without introducing an artificial bias. Therefore, a method of modelling the polymerization 
process is necessary in order to construct a more realistic polydisperse polymer. 
Some schemes that enable polymerization in a running MD simulation have been proposed. A 
coarse-grained reactive model for dense polymer melts and polymeric glasses was developed by Deng and Shi 
[22]. In this model, bond formation was expressed by a Lennard-Jones (LJ) potential having a repulsive bump. 
They synthesized linear, branched, crosslinked and network polymers, and investigated the effect of 
polydispersity on self-diffusivity, Young’s modulus and ultimate tensile strength. For all-atom MD simulations, 
Harder et al. [23] and Kolev et al. [24] performed an in silico step-growth polymerization from m-phenylene 
diamine and trimesoyl chloride to construct a polyamide reverse osmosis membrane. Recently, a versatile 
polymerization algorithm was developed by Gissinger et al. [25] and implemented within the framework of 
LAMMPS [26], a widely used MD simulation package. Using this algorithm, referred to as fix bond/react, they 
synthesized a long linear nylon 6,6 and a highly-crosslinked epoxy. In these in silico step-growth polymerizations 
using all-atom MD simulations, bond creating/breaking occurs by applying a distance-based probabilistic 
criterion at every time step. Although it is not based on rigorous quantum mechanics, such a distance-based 
polymerization model is useful in synthesizing large or polydisperse polymers and also has an advantage in 
terms of computational load.  




In this work, the polydisperse polymer models of polyethylenimine (PEI) were constructed using 
Gissinger’s algorithm [25]. PEI can form a linear or branched structure depending on the polymerization process 
and can present polydispersity in molecular weight and structure. Due to the polycationic characteristics of 
protonated PEI, it is widely used in various applications. For example, PEI is a polymeric transfection agent and 
the binding property of DNA/PEI complex has been investigated experimentally [27]. Using all-atom MD 
simulations, Sun et al. [28–30] investigated the effect of branching and protonation state in the DNA/PEI 
complex and Kim et al. [31] investigated the pH-dependence of conformation in high molecular weight 
hyper-branched PEI. For thermal applications, Zhao et al. used PEI-grafted Cellulose nanofibers (CNFs) as a 
reinforcing filler for CNFs-PEI/epoxy nanocomposites and found an increase in thermal conductivity and 
decrease in the coefficient of thermal expansion of the nanocomposites by incorporation of CNFs-PEI [32]. Lee et 
al. formed a layer-by-layer membrane of PEI/multi-walled carbon nanotubes on a stainless steel substrate and 
found that the heat transfer coefficient and critical heat flux in pool boiling were significantly enhanced [33]. 
Although these studies demonstrated that PEI as an additive can improve thermal transport properties, there are 
few existing works investigating the heat conduction properties of the PEI itself. Moreover, the effect of 
polydispersity on heat conduction has hardly been investigated. 
In the present work, we constructed polydisperse PEI model systems by in silico polymerization and 
investigated the heat conduction properties of PEI and the effect of polydispersity using non-equilibrium 
molecular dynamics (NEMD) simulations. Furthermore, the molecular mechanism of thermal energy transfer 
was analyzed in detail employing heat flux decomposition analysis [34], which revealed the microscopic thermal 
energy transfer modes of heat conduction. 
 
 
2. Theory and methodology 
2.1. Force field  
In the present simulations, the CHARMM General Force Field (CGenFF) [35,36], an all-atom force field, 
was used for all the molecules. The CHARMM potential energy function is expressed as a superposition of 
bonded interactions, including bonds, angles and dihedrals, and nonbonded interactions composed of van der 
Waals (vdW) interaction expressed by the LJ potential and electrostatic interaction. The force field parameters 
used here were determined by Ligand Reader & Modeler in CHARMM-GUI [37–39], a web-based graphical 
user interface to generate various molecular systems following the CGenFF. 
 
2.2. Simulation system of monodisperse PEI 
PEI is a polymer composed of amine monomer units separated by two carbon aliphatic spacers, and has a 
linear or branched structure. Figure 1 shows several typical molecular structures of 13-mer PEI, where the 




structures were chosen from the previous work by Sun et al. [28]. Purely-linear (PL) PEI (Fig. 1(a)) is a 13-mer 
linear chain without any branching. Semi-linear (SL) PEI (Fig. 1(b)) has three short side chains with one 
monomer. Moderately-branched (MB) PEI (Fig. 1(c)) has a short side chain with one monomer and a longer 
side chain with two monomers. Hyper-branched (HB) PEI (Fig. 1(d)) has four side chains with one or two 
monomers. A linear PEI molecule (Fig. 1(a)) contains terminal primary amines and secondary amines whereas a 
branched PEI (Fig. 1(b)–(d)) contains primary, secondary and tertiary amines. We first constructed four 
monodisperse systems using the four PEI molecules in Fig. 1 and performed NEMD simulations to be 
compared with polydisperse systems at a later stage. The monodisperse PL-PEI systems of 7- and 25-mer PEI 
were additionally constructed to examine the effect of molecular weight. 
Figure 2 shows the NEMD simulation system. Periodic boundary conditions were imposed in all directions. 
The MD simulation protocol for the monodisperse system was almost the same as that used in our previous 
work for a different polymer [19] and is summarized below: (1) PEI molecules were arranged and oriented 
randomly in an expanded unit cell, 12 12 56L L L  , with an initial temperature of 1000 K. Here, the value of 
length L  was 18 Å so it was larger than the typical radius of gyration for PEI. (2) The MD box was artificially 
shrunk over 50 ps down to the size of 3 3 14L L L   while keeping the temperature at 1000 K by Nosé–Hoover 
thermostat. With this procedure, the density was increased to 1.03 g/cm3. (3) Temperature was decreased to 
300 K by gradually changing the control temperature during a 200 ps NVT simulation. (4) An NPT simulation 
at 300 K and 1 atm was carried out for 5 ns and the final values of the lengths of the MD box in the x, y and z 
directions were determined as 3 xL , 3 yL  and 14 zL , respectively. (5) A constant heat flux 
21000 MW / mJ =
was imposed in the z direction using the enhanced heat exchange (eHEX) algorithm [40]. As shown in Fig. 2, a 
total of 2   thermal energy was added in the two hot slabs, each with a width of zL  and the same amount of 
  thermal energy was subtracted from the cold slab of width 2 zL . To ensure a non-equilibrium steady state, 
this NEMD simulation was carried out for 20 ns as a relaxation run. (6) Following the relaxation run, a 
production run was carried out for 5 ns. Two control volumes with a width of 3 zL  were placed between the hot 
and cold slabs, and separated by zL  from these slabs.  
The above protocol was performed using LAMMPS. For the LJ potential the smooth cutoff [41,42] was 
applied from 10 to 12 Å, and for the electrostatic interactions the smoothed particle-particle particle-mesh 
(PPPM) method [43] was used with real space cutoff of 9 Å, accuracy of 410− . For the time integrator, the 
reversible reference system propagator algorithm (r-RESPA) [44] was used, and three level time steps, 0.25 fs, 
0.5 fs and 1.0 fs, were used for bond, angle, and other interactions, respectively. The NVT and NPT simulations 
were handled by the Shinoda equation [45] of the Nosé–Hoover chain thermostat and barostat. The temperature 
and stress damping parameters were set at 100.0 fs and 1000.0 fs, respectively, while the number of Nosé–
Hoover chains were set to three for both thermostat and barostat. In the NPT simulations, the x, y and z 
dimension were controlled independently while the box remained orthogonal. For each case of monodisperse 




PEI, ten simulations starting from different initial molecular coordinates were performed to enhance statistical 
accuracy, i.e. the total combined length of production runs of each case of monodisperse PEI was 50 ns. 
 
 
Fig. 1. Molecular structures with different degrees of branching [28]. Purely-linear (PL) PEI (a) is a 13-mer 
linear chain. Semi-linear (SL) PEI (b) has three short side chains. Moderately-branched (MB) PEI (c) has a 
short side chain and a longer side chain. Hyper-branched (HB) PEI (d) has four branches. 
 
 
Fig. 2. Schematic of NEMD simulation system in this work. 




2.3. Simulation system of polydisperse PEI 
The molecules in the polydisperse system were created by in silico step-growth polymerization using 
Gissinger’s algorithm implemented in LAMMPS as fix bond/react [25,26]. In this algorithm, molecular topology 
can change during a running simulation according to the predefined pre- and post-react topology templates. 
Hereinafter, this topology change is called reaction. In the topology templates, the topologies of all atoms 
affected by the reaction, i.e., all atoms contained in new angles and new dihedrals generated by bond formation, 
are described. The reaction uses a distance-based probabilistic criterion. For the detailed computational protocol 
during the reaction, refer to the original literature [25,26], and for the details of the pre- and post-react topology 
templates used here, see the supplementary material. 
In the present simulation, PEI was synthesized from ethylamine monomers although we note that in the 
actual process, PEI is synthesized by ring-opening polymerization using aziridine as a monomeric unit. Figure 3 
shows a schematic image of the two representative reactions in the present simulations. Two types of carbon 
atoms and three types of nitrogen atoms were used depending on the topology. There are also several types of 
hydrogen atoms depending on the topology, but they are not described here for simplicity. Ethylamine contains 
terminal carbon, C1, middle carbon, C2, and terminal nitrogen, N1. In this polymerization model, two types of 
reactions were considered, i.e., the linear bonding reaction and the branched bonding reaction. In the linear 
bonding reaction, the bond formation between N1 and C1 was judged every time step with a constant 
probability 
LP  whenever these atoms were within 3.6 Å. If a bond was created, the extra hydrogen atoms were 
deleted and the N1 and C1 atoms were renamed N2 and C2, respectively, and the related force field parameters 
of bond, angle, dihedral and partial charges were updated according to the pre- and post-react topology 
templates. In the branched bonding reaction, when the middle nitrogen, N2, approached within 3.6 Å of the 
terminal carbon, C1, the reaction occurred with a constant probability 
BP  and the types of atoms changed to 
N3 and C2. Namely, N1, N2 and N3 are nitrogen atoms contained in the primary, secondary and tertiary amine, 
respectively. In the early stage of this polymerization, low molecular weight polymers such as dimer, trimer, 
and tetramer were synthesized, and then longer and higher branched PEIs with different molecular structures 
were formed from these short polymers. The degree of branching was manipulated by setting the values of 
reaction probabilities LP  and BP . In practice, a small amount of ring structures was created. These cyclic 
compound molecules were removed from the system at the end of the whole synthesis process.
 
The protocol of the polymerization simulation is described here. First, 101090 monomers were distributed 
into the MD box of 6.46 6.46 30.16L L L   with initial temperature of 1000 K. The polymerization reaction 
was conducted with the NVE dynamics using the r-RESPA and was continued until the number of C1 was less 
than 12000, i.e., the number of reactions was greater than 89090. During the simulation, the maximum 
movement of an atom per single time step was restricted to 0.1 Å so as to avoid the instability due to the large 
energy change associated with bond formation. The system temperature was maintained at 1000 K by velocity 




scaling. The force fields were the same as those for the monodisperse case except that the electrostatic 
interactions were handled by the direct coulomb potential with a cutoff of 9 Å. 
In the actual polymerization process, a polymer with the target molecular weight is obtained by removing 
too short and/or too long polymers, where this manipulation is called polymer fractionation [46]. Thereby, the 
post-fractionation polymer has a molecular weight distribution (MWD) whose peak is at approximately the 
target molecular weight. Rivera-Tirado and Wesdemiotis measured the mass spectrum distribution of 
commercial PEI with an average molecular weight of 600 by electrospray ionization mass spectrometry [47]. In 
the present simulations, based on their experiments, the MWD of PEI can be approximated by a Gaussian 
distribution with mean 600 =  and standard deviation / 3 = . In accordance, we constructed 
post-fractionation systems by deleting molecules in the pre-fractionation system generated by the above 
polymerization protocol, so that the MWD of the remaining molecules becomes a Gaussian distribution. Here, 
two Gaussian distributions with the same mean 561.9 = , which is the molecular weight of 13-mer PEI, were 
used. One is a wider distribution corresponding to high polydispersity, having / 3 = , where this is almost 
the same as the experimental data [47]. The other is a narrower distribution with / 6 =  for comparison. 
The wider distribution had higher polydispersity of PDI 1.108= , while the narrower one had lower 
polydispersity of PDI 1.028= . Fractionation decreased the system density to 0.103 g/cm3. Afterwards, NEMD 
simulations similar to that of monodisperse systems were conducted starting from the artificial shrink in Step 
(2) of the simulation protocol described in Sec. 2.2. In the same way as the monodisperse systems, ten 
simulations with different initial coordinates and the same composition of the polydisperse systems were 
conducted for each condition. 
 
 
Fig. 3. Schematic image of the linear and branched bonding reactions in the present simulations 
 
 




2.4. Thermal conductivity and heat flux decomposition 
In the production run of the NEMD simulations, the computational domain was divided into 50 slabs in the 
z direction, and the local temperature and density for each slab were calculated. Thermal conductivity   can 











where  is the temperature gradient obtained from a linear fitting to the temperature profiles in the 
control volume. The system thermal conductivity was given as the average of those of the two control volumes. 
In order to investigate the heat conduction mechanism depending on different molecular structures, the 
total heat flux was decomposed into various microscopic modes of thermal energy transfer. The detailed 
description of the heat flux decomposition for multibody potentials can be found in Ref. [34]. The total heat 
flux  in the z direction in the control volume  is given by [34] 
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Here, the first term on the right-hand side of Eq. (2) represents the transport of internal energies of atomic sites 
during migration,  is the total atomic site energy given by the sum of kinetic and potential energies and  
is the z component of velocity vector  of the site s. The second term of Eq. (2) represents the contributions 
of the inter- and intramolecular forces,  is the force exerted on site s by an n-body potential defined for a set 
of sites  1 2, s , , nU s s= , and  is the z coordinate of site s. The double summation in the brackets 
[ ] is the sum over all 2-body pairs taken from U, and *( )s sz z −  represents the portion of ( )s sz z −  located 
in the control volume. 
In the present study, the total heat flux is decomposed into eight modes as follows: 
total kin pot bond angle torsion nb,intra LJ,inter elecJ J J J J J J J J= + + + + + + + . (3) 
Here, kinJ  and potJ  represent the transfer of kinetic and potential energies by molecular migration, 
respectively; bondJ , angleJ , torsionJ  and nb,intraJ  are the intramolecular energy transfer modes due to bond 
stretching, angle bending, torsion and intramolecular nonbonded interactions excluding that of electrostatic 
interaction, respectively; LJ,interJ  represents the contribution of the intermolecular vdW interaction and elecJ  
represents the contribution of the intra- and intermolecular electrostatic interactions. Similarly, the total thermal 
conductivity can be decomposed into the partial thermal conductivities [48] owing to a contribution of i using the 











These partial heat flux contributions were computed by NEMD simulations using our in-house MD 
package, as current versions of LAMMPS lack a rigorous implementation of heat flux computation and are 
known to have severe limitations, although this can be alleviated [49]. Starting from the steady state 
configurations obtained after the relaxation run of Step (5) in Sec. 2.2, NEMD simulations were conducted over 
5 and 10 ns for the systems of mono- and polydisperse PEIs, respectively. As with previous works [19,50,51], 
the per-atom electrostatic potential necessary for potJ  was evaluated by the modified Wolf method [52], and 
elecJ  was calculated indirectly by subtracting the partial heat fluxes other than elecJ  from the applied total heat 
flux. 
We note that the methodology employed in this NEMD simulation was not exactly the same as that in the 
simulation using LAMMPS. Specifically, a constant heat flux was imposed using the technique proposed by Jund 
and Jullien [53]. For LJ potential, the cutoff of 12 Å was used without smoothing. The time steps were set at 1.0 
and 0.2 fs for the inter- and intramolecular interactions, respectively, via the r-RESPA method. The smooth 
particle mesh Ewald (SPME) method [54] with charge grids of ~1 Å was used to calculate the electrostatic 
interactions. These differences are minor, and it was confirmed that there was no impact on the system properties 
such as thermal conductivity. 
 
 
3. Results and discussion 
3.1. Polymerization of PEI 
Dick and Ham investigated the detailed polymerization process of PEI from monomeric aziridine, and it 
was found that in the early stage only dimer, trimer and tetramer were formed, and only afterwards did high 
molecular weight products begin to be formed [55]. This indicates that the polymerization of PEI progresses in 
a step-growth-like manner. Therefore, the validity of the polymerization model used here was examined against 
the Flory-Schulz distribution [56], which describes an ideal step-growth polymerization, as the polymerization 
of PL-PEI can be regarded as a step-growth polymerization with constant probability in each reaction. The 







−= −  , (4) 
where XN  is the number of X-mers, 0N  is the total number of polymer chains and p is equivalent to the 
extent of reaction, defined below. If we neglect the weight of two hydrogen atoms at both ends of the molecule, 








−= − , (5) 
where 0W  is the total molecular weight in the system. The extent of reaction p is expressed as the fraction of 
0/XW W













As shown in Fig. 4, the number fraction and weight fraction distributions of pre-fractionation PL-PEI 
synthesized in this simulation agree well with those determined from Eqs. (4) and (5). Here, the extent of 
reaction p is 0.877. Thus, this polymerization scheme certainly mimics a step-growth polymerization and the 
constructed polydisperse PEI should imitate an actual synthesized polydisperse PEI fairly well. 
When comparing the mono- and polydisperse PEIs, polymer molecules of different structures were 
classified according to the composition ratio of nitrogen atoms in each molecule. As mentioned in Sec. 2.3, 
there are three types of nitrogen atoms: terminal (N1), linear (N2) and branched (N3). In the case of the typical 
structures shown in Fig. 1, the ratio of the numbers of these nitrogen atoms in a molecule, N1 N2 N3: :N N N , are 
(a) 1:12 : 0 , (b) 4 : 6 :3 , (c) 3:8: 2 , and (d) 5 : 4 : 4 . The composition ratio is defined as the ratio of the 
numbers of N2 and N3 divided by the number of N1, e.g., in case (b), N2 N1 N3 N1: 1.5 : 0.75N N N N = . For the 
post-fractionation polydisperse PEI, the composition ratio of 13-mer, which is the polymer with average 
molecular weight and highest occurrence, was used. Figure 5 shows the composition ratio of nitrogen atoms of 
13-mer in the post-fractionation high polydisperse PEI, plotted as a function of the ratio of the linear and 
branched reaction probabilities, L BP P . In this figure, in silico polymerization was conducted for 
L 0.005 0.5P = −  and B 0.025 0.5P = − . Linear tendencies are observed in the single logarithmic plot, which 
shows a logarithmic relationship between the composition ratio and the ratio of reaction probabilities. From 
Fig. 5 we can find the appropriate probability ratios, L BP P , corresponding to the composition ratio of each 
typical structure. For example, the composition ratio in the case where L 0.01P = , B 0.5P =  and L B 0.02P P =  
is 0.91: 0.79 , and this is close to that of typical HB-PEI (Fig. 1), 0.8: 0.8 . Therefore, a polydisperse system 
constructed using this probability condition was regarded as polydisperse HB-PEI. Similarly, for polydisperse 
MB-PEI the condition L 0.5P = , B 0.025P =  and L B 20P P = , and for SL-PEI the condition L 0.1P = , 
B 0.5P = and L B 0.2P P =  were used. For PL-PEI L 0.5P =  and B 0.0P =  were used because there is no 
branching. In Table 1, the composition ratios of the mono- and polydisperse PEIs are summarized. Figure 6 
shows the MWD of the post-fractionation polydisperse HB-PEI with high and low polydispersities and the 
molecular structure samples of 13-mer contained in the high polydisperse HB-PEI system. HB-PEI molecules 
with the same molecular weight but different structures were observed, and it was confirmed that there is 
polydispersity in our system with respect not only to molecular weight but also to the molecular structure. 
 





Fig. 4. (a) Number fraction distribution and (b) weight fraction distribution of number of monomeric units X for 




Fig. 5. Relation between composition ratio of nitrogen atoms contained in 13-mer and ratio of reaction 
probabilities L BP P . The dashed lines are linear fittings. 
 
Table 1. Summary of composition ratios of nitrogen atoms and simulation results of mono- and polydisperse 
PEIs. 
 
  Monodisperse Polydisperse (low polydispersity, PDI = 1.028) Polydisperse (high polydispersity, PDI = 1.108) 
  Comp. ratio 
  
[W/(m∙K)] 
   
[g/cm3] 





   
[g/cm3] 





   
[g/cm3] 
gR   
[Å] 
PL 12:0 0.260 ± 0.0044 0.9165 8.64 12:0 0.255 ± 0.0060 0.9153 8.60 12:0 0.252 ± 0.0050 0.9170 8.60 
SL 1.5:0.75 0.229 ± 0.0050 0.9286 7.13 1.54: 0.75 0.227 ± 0.0034 0.9280 6.60 1.56: 0.75 0.224 ± 0.0041 0.9280 6.53 
MB 2.67:0.67 0.228 ± 0.0046 0.9242 6.64 2.72: 0.66 0.232 ± 0.0025 0.9240 7.11 2.90: 0.65 0.235 ± 0.0057 0.9249 7.13 
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Fig. 6. (a) Molecular weight distributions of the post-fractionation polydisperse HB-PEI with high polydispersity 
of PDI 1.108=  (red square) and low polydispersity of PDI 1.028=  (blue circle). The solid lines represent the 
Gaussian distributions for each polydispersity. (b)-(d) Molecular structure samples of 13-mer taken from the high 
polydisperse system. 
 
3.2. Thermal conductivity of mono- and polydisperse PEIs 
As an example of the NEMD simulations, Fig. 7 (a) and (b) show the temperature and density profiles in 
the z direction of mono- and highly polydisperse HB-PEIs, respectively. Both cases exhibit similar profiles with 
respect to both temperature and density, respectively, and linear temperature profiles were formed for the control 
volumes. Because these tendencies are common to the cases of PL-, SL- and MB-PEI, only the results of HB-PEI 
are shown. In these figures, the red and blue boxes represent the hot and cold slabs, respectively, and the yellow 
boxes represent the control volumes. Figure 8 shows the thermal conductivities of the mono- and polydisperse 
PEIs for the four types of structures, and in Table 1 the thermal conductivity,  , average density,  , and 
average radius of gyration in the control volumes are summarized. The radius of gyration, 









= − r r
 
 (7) 
Here, M  and CMr  are the mass and position vector of the center of mass of the polymer, while im  and ir  are 
the mass and position vector of atom i inside the polymer, respectively. Error bars in Fig. 8 represent the 95% 




confidence interval for the error of the mean. In the case of the monodisperse PEI, thermal conductivity 
decreases as the degree of branching increases. This tendency is consistent with previous works, in which the 
thermal conductivity decreased with increasing number [17,57] and length [18] of the side chains. For the 
polydisperse PEI, a similar tendency can be seen, but the thermal conductivity of the MB-PEI is higher than 
that of the SL-PEI in both the high and low polydispersity cases. As shown in Table 1, the radius of gyration of 
the polydisperse PEI depends on the degree of branching in an almost similar manner. This result indicates a 
strong correlation between the radius of gyration and thermal conductivity, as has been discussed in previous 
studies [16,19]. Based on this relationship, we briefly consider the reason why the SL-PEI has a lower thermal 
conductivity than the MB-PEI in the polydisperse systems. In this study, the types of molecular structure are 
classified by composition ratio, and thus polydisperse system polymers can form different structures with the 
same composition ratio, resulting in the average length of the main chain being different from that of 
monodisperse ones. In the case of the composition ratio of MB-PEI, 2.67 : 0.67 , 13-mer PEI with the longest 
main chain consisted of 11 monomers with two short side chains with one monomer. On the other hand, in the 
case of the composition ratio of SL-PEI, 1.5 : 0.75 , 13-mer PEI with the longest main chain consisted of 10 
monomers with three short side chains with one monomer, which is the same structure as the typical SL-PEI 
shown in Fig.1, but the main chain is shorter than that of the longest chain in the composition ratio of MB-PEI. 
Therefore, the average length of the main chain for the composition ratio of MB-PEI is larger than that with the 
composition ratio of SL-PEI. As a result, the average radius of gyration of the polydisperse MB-PEI was larger 
than that of the polydisperse SL-PEI, and hence the thermal conductivity of the polydisperse MB-PEI was 
higher than that of the polydisperse SL-PEI. The above result shows that polydispersity in molecular structure 
affects thermal conductivity, but the maximum difference between the thermal conductivities of the mono- and 
polydisperse PEIs was about 3.3% indicating that the effect is not large. On the other hand, it was found that 
PEIs with the same nitrogen composition ratio have almost the same density regardless of branching structures 
and polydispersity. This characteristic makes the comparison of different polymer structural types easier and 
indicates the advantage of our structural classification based on the composition ratio. We note that the average 
densities obtained here are slightly smaller than that of actual PEI, which is about 1 g/cm3, possibly because of 
a generic force field that is not specifically designed for PEI. 
In Table 2, the thermal conductivities for the monodisperse PL-PEIs of 7-, 13- and 25-mer are compared in 
order to examine the effect of molecular weight. The thermal conductivity increases with increasing molecular 
weight, and thus polymer chains of different molecular weight have different thermal conductivity in their 
monodisperse phases. Nevertheless, the thermal conductivity of polydisperse PL-PEI is almost the same as that 
of monodisperse PL-PEI. This result implies that the polydispersity in molecular weight has only a minor effect 
on thermal conductivity. 
 





Fig. 7. Temperature and density profiles of (a) mono- and (b) highly polydisperse HB-PEIs. The red and blue 
boxes represent the hot and cold slabs, respectively, and the yellow boxes represent the control volumes. 
 
 
Fig. 8. Thermal conductivities of mono- and polydisperse PEIs for four types of molecular structures. 
 
Table 2. Summary of monodisperse purely-linear 





   
[g/cm3] 
gR   
[Å] 
7-mer 0.219 ± 0.0033 0.8830 5.41 
13-mer 0.260 ± 0.0044 0.9165 8.64 














































































































3.3. Decomposition of heat flux and thermal conductivity 
The decomposition of the total heat flux in the monodisperse PEI and high polydisperse PL- and HB-PEI 
are shown in Fig. 9. Monodisperse PL-, SL-, MB- and HB-PEI, which have different structures but the same 
molecular weight, show similar profiles. For all these cases, the intramolecular interaction, i.e., the sum of 
bondJ , angleJ , torsionJ  and nb,intraJ , is dominant and contributes more than 75%. In the previous work on linear 
molecules such as alkane, alcohol and linear polymers, the contribution of the intramolecular interactions 
increased as the molecular weight (chain length) increased [19,50,51,57,58]. On the other hand, the present 
results on PEI indicate that the energy transfer mechanism is not significantly dependent on difference in 
molecular structure as long as there is no difference in molecular weight. Figure 10 shows the partial thermal 
conductivities of the monodisperse PEI as functions of the radius of gyration. The four types of PEI show 
different profiles for the partial thermal conductivities, in contrast to the partial heat fluxes in Fig. 9. As 
mentioned above, the total thermal conductivity increases as the radius of gyration increases. Roughly speaking, 
the coiled polymer occupies a spherical space with radius gR , and this space represents the dimension in which 
the thermal energy can be transferred directly via the intramolecular interaction. Because thermal energy 
transport via the intramolecular interaction is dominant as shown in Figs. 9 and 10, and this transport mode is 
reported as highly efficient [16,57], a larger radius of gyration results in an enhanced total thermal conductivity. 
On the other hand, the partial thermal conductivity due to angle interaction, which is the most dominant mode, 
of the MB-PEI is slightly larger than that of the SL-PEI, even though the radius of gyration of the SL-PEI is 
larger than that of the MB-PEI. This is likely due to the fact that the number of N3 (nitrogen atoms forming a 
branched bonding) in SL-PEI is larger than that in the MB-PEI. In the previous works [17,18], it was reported 
that phonon localization and phonon scatterings resulting from the side chains reduces thermal conductivity. 
These phonon properties relevant to the side chains that reduce the partial thermal conductivity may occur via 
change in angle types, because angle interaction parameters change more drastically depending on the presence 
of branches than that of bond and torsion interactions. As a result of competition between this effect of 
branching and the effect of the radius of gyration, the total thermal conductivities of the SL- and MB-PEI are 
comparable, and that of the HB-PEI is much smaller.  
The NH group of PEI is both a H-bond donating and accepting structure, and thus forming of H-bonds 
such as N–H…N is expected in PEI, where N–H represents a covalent bond and H…N represents nonbonded 
interaction between the two atoms. We investigated H-bonds in PEI by calculating radial distribution functions 
(RDFs) between nitrogen atoms, where only intermolecular nitrogen pairs were considered. Figure 11 shows 
the RDFs, ( )g r , between nitrogen atoms and the corresponding coordination numbers, ( )N r , in the 
monodisperse PEIs for the four molecular structures. In the figure, only the results of the monodisperse case are 
shown because almost the same distributions were obtained for the polydisperse systems. Peaks can be 
observed around  Å3.4r = . Dong et al., who investigated H-bonds for amorphous tetramer PEI, defined 




intermolecular H-bonds by the criteria that N…H distance is near 2.3 Å and N…N distance is less than the sum 
of vdW radii of two nitrogen atoms [59]. If this definition is applied to our cases, the number of H-bonds per 
nitrogen atom is given by ( )N r  at a threshold distance of  Å3.55r =  when considering the LJ distance 
parameter as the vdW radius. We noticed that the shoulders were observed around 2.3 Å in the RDFs of N…H 
pairs (not shown), and hence, the peaks shown in Fig. 11 and the shoulders in N…H pairs are in good 
accordance with the definition by Dong et al. We can also define the H-bond pair on the basis of the first 
minimum of the RDF, which is found at about 4 Å. Whichever definition is used, the RDFs for the four types of 
structures exhibit similar tendencies. However, the coordination number within a threshold distance increases in 
the order of HB-, SL-, MB- and PL-PEI. This result indicates that the number of H-bonds per nitrogen atom is 
larger if a polymer chain has more N3 sites. Correspondingly, the average density is higher when the number of 
H-bonds is larger as shown in Table 1. There is a possibility that this small difference in the number of H-bonds 
indirectly induces a nontrivial difference in thermal conductivity because in general the number of intra- and 
intermolecular interactions increases with density, but such difference in thermal conductivity was not seen in 
the present systems. Furthermore, this small difference in the number of H-bonds is not likely to cause any 
significant difference in the heat transfer mechanism shown in Fig. 9 because the intermolecular vdW and 
electrostatic interactions, where the H-bonds have a direct effect, are not dominant. 
With regard to polydisperse PEIs, the breakdown of the energy transfer modes of the polydisperse PL- and 
HB-PEIs in Fig. 9 are almost the same as that of the corresponding monodisperse PEIs even though the 
composition of the molecules greatly differs between the mono- and polydisperse PEIs. Therefore, the effect of 
polydispersity on the energy transfer mode is very small, and the reason for it will be discussed in the next section. 
 
 
Fig. 9. Comparison of heat flux decompositions of mono- and highly polydisperse PEIs having different degrees 



































Fig. 10. Total and partial thermal conductivities of monodisperse PEIs as functions of the radius of gyration. 
 
 
Fig. 11. Radial distribution functions (RDFs) ( )g r  of N…N pairs and coordination numbers ( )N r  in the 
system of monodisperse PEIs for four types of molecular structures. 
 
3.4. Thermal energy transfer via a single molecule in polydisperse PEI 
The comparison between the mono- and polydisperse PEIs indicated that the effect of polydispersity on 
heat conduction is insignificant although there is a small effect of gR , as discussed in Sec. 3.2. In this section, 
the reason for this is investigated by considering thermal energy transfer via a single polymer molecule. 
The energy transfer associated with a single molecule is obtained by regrouping summations by atoms in 
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where the heat flux (integrated over the control volume) associated with a single X-mer is decomposed into the 
contributions from the molecular transport ( tr/mol
X ), intramolecular interactions (
intra/mol
X ) and intermolecular 
interactions ( inter/mol
X ). The number density of X-mer, X , is given using the total number of molecules, 0N , 






N f X X
V V
 = =  ,
 
(9) 
where X  is unity in the present case. Figure 12 shows tr/molX , 
intra/mol
X  and 
inter/mol
X  of the high 
polydisperse HB-PEI as functions of the number of monomeric units, X, which is equivalent to the molecular 
weight. We note that intra/mol
X  and 
inter/mol
X  in Fig. 12 do not include the contribution of the electrostatic 
interaction, because it cannot be calculated directly as mentioned at the end of Sec. 2.4. However, as shown in 
Fig. 9, the contribution of the electrostatic interaction is small, and hence it is expected that the absence of the 
electrostatic contribution does not affect our conclusion in this section. Although there is some fluctuation, we 
can reasonably assume all of the tr/mol
X , 
intra/mol
X  and 
inter/mol
X  are linearly dependent on X, in the range of 
molecular weight considered in this work. For the polydisperse PL-PEI, the same linear tendency was observed, 
although it is not shown here. If this linear relationship is expressed as /moli
X ia X = for energy transfer mode i, 






































Here, X  represents the mean of X. Equation (10) indicates that for each energy transfer mode i, the partial 
heat flux of the polydisperse system is equivalent to that of the monodisperse system of -merX . This result 
explains why the effect of polydispersity on heat conduction is insignificant and provides justification for 
estimating the heat conduction property of a polydisperse polymer from that of the corresponding monodisperse 




polymer of average molecular weight. Although it was demonstrated above only for the present case where 
( )f X  is the Gaussian distribution, this conclusion can be applied for other types of MWD as long as this 
linear relationship holds between the per-molecule heat flux and molecular weight. 
 
 
Fig. 12. Heat flux (integrated over the control volume) associated with a single X-mer due to molecular 
transport ( tr/mol
X ), intramolecular interactions (
intra/mol
X ) and intermolecular interactions (
inter/mol
X ) of the high 




In this work, we constructed polydisperse polymer models using a heuristic approach where bond 
formation reaction occurs using a distance-based probabilistic criterion during an all-atom MD simulation. The 
polydisperse PL-PEI constructed reproduced the Flory-Schulz distributions, and hence our in silico step-growth 
polymerization model constructed a reasonable representation of polydisperse PEI systems. It was also 
confirmed that our polydisperse PEI with branching had polydispersity with respect not only to molecular 
weight but also to molecular structure. 
Using monodisperse PEIs with a typical structure and polydisperse PEIs constructed in this work, effects 
of molecular structure and polydispersity on heat conduction were investigated. For all cases, thermal 
conductivity increased with the radius of gyration, because the radius of gyration represents the dimension over 
which significant thermal energy transfer via intramolecular interactions is possible. On the other hand, the 
number of branching nitrogen atoms is also important, because the energy transfer due to angle interaction, 
which governs the total heat conduction, decreases with increasing number of branching nitrogen atoms. In 
other words, a branched structure is less effective with respect to thermal energy transfer than a linear structure 
in the case of PEI, which is consistent with previous works.  
In the present study, no significant effect of polydispersity on heat conduction was observed. The reason 




for this is attributed to the fact that there is a linear relationship between the heat flux via a single X-mer and its 
molecular weight, in the range of the molecular weight considered in this work. This finding indicates that the 
heat conduction properties of polydisperse polymer can be estimated to a great degree via results from 
monodisperse polymer having an appropriate molecular weight, for which a store of knowledge accumulated 
from past studies is available. However, it is not clear whether it can be applied to inhomogeneous or 
non-steady state systems such as those with solid walls or those subject to external forces. Further work is 
needed for such cases. In case the construction of polydisperse systems is required, the in silico polymerization 
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